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Abstract
We derive exact formulae for the partition function and the expectation values of Wilson/’t Hooft
loops, thus directly checking their S-duality transformations. We focus on a special class of N = 2
gauge theories on S4 with fundamental matter. In particular we show that, for a specific choice
of the masses, the matrix model integral defining the gauge theory partition function localizes
around a finite set of critical points where it can be explicitly evaluated and written in terms
of generalized hypergeometric functions. From the AGT perspective the gauge theory partition
function, evaluated with this choice of masses, is viewed as a four point correlator involving the
insertion of a degenerated field. The well known simplicity of the degenerated correlator reflects
the fact that for these choices of masses only a very restrictive type of instanton configurations
contributes to the gauge theory partition function.
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1 Introduction
The study of Wilson loops in supersymmetric gauge theories has received a lot of attention
in recent years. According to holography, the expectation value of a supersymmetric Wilson
loop in N = 4 gauge theory at strong coupling is computed by the area of the minimal
surface on AdS swept by an open string ending on the Wilson loop itself [1]. This result
is confirmed by a perturbative computation in N = 4 [2]. In fact the contribution of
each relevant Feynman integral is shown to be one and the multiplicities of the Feynman
diagrams are evaluated by a gaussian matrix model. For circular Wilson loops the matrix
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model integral can be computed and it gives a Bessel function reproducing the right strong
coupling asymptotics predicted by gravity. This formula was rigorously proven in [3] using
localization techniques. The results were also extended to N = 2, where the measure of the
matrix model integral is completed by the one-loop, Zone−loop, and instanton contributions,
Zinst, to the partition function of the gauge theory. There are two complications in extending
the exact N = 4 result to N = 2. First, Zinst can be computed only order by order in
q = e2piiτ . Second, for a general form of the perturbative and non perturbative contributions
the matrix model integral is not amenable to an analytic treatment. In this paper we show
that for a special (but not very restrictive) choice of the gauge theory parameters both
difficulties can be overcome and exact formulae can be derived.
We focus onN = 2 gauge theories with gauge group U(N) and matter in the fundamental
and anti-fundamental representations. The use of localization requires that the gauge theory
be placed on a non-trivial -background lifting its Lorentz symmetries. From a physical
point of view the introduction of the  background can be viewed as a gravitational Ω-
background [4] or as the result of type IIB RR fluxes [5–7]. We will consider both the cases
of gauge theories on R4 and S4. In the former case one should also specify the expectation
values a ∈ SU(N) of the scalar field at infinity. The partition function, Z(a), depends
then on the masses m, vevs a, ` deformations and the gauge coupling q and it can be
computed order by order in q via localization techniques [8–10]. In the limit where both
` are small, it becomes Z(a) ≈ e−
1
12
FSW , where FSW is the Seiberg-Witten prepotential
determining the two-derivative effective action of the gauge theory. On the other hand, in
the limit when 1 is small but 2 =  is finite, the -deformed dynamics can be shown to be
in correspondence with that of certain quantum integrable systems with  playing the role of
the Planck constant [11–13]. Both limits can be treated via saddle point techniques leading
to a Seiberg-Witten curve (or its -deformed version) [14–16] 5.
In this paper we consider the case where both 1 and 2 are finite. Drawing inspiration
from previous works in CFT’s, we show that the masses can be chosen in such a way that
only a very peculiar class of gauge instanton configurations can contribute to Z and that
the full instanton sum can be explicitly evaluated (see [19, 20] for previous works in this
direction). In the AGT dual description of the theory [21], where the gauge theory instanton
partition function is described by a four-point conformal block of the Toda field theory, this
specific choice of mass corresponds to the insertion of a degenerated field. The conformal
block is then determined by a differential equation that, in the simplest case, can be solved
in terms of generalized hypergeometric functions [22–24].
In the case of a gauge theory on S4 the partition function is given by the integral∫
da|Z(a)|2 with Z and Z¯ the contributions of the instantons and anti-instantons located at
the north and south poles of the two charts in S4 [3,25]. The partition function is computed
for 1 = 2 =
1
r
, with r the radius of the sphere. We will show that by restricting the overall
sum of the masses in the fundamental representation, the integral over a localizes around
some critical points where the full instanton partition function collapses to a very simple
form. Exact formulae for the instanton partition function and for the expectation value of
5The generalisation of this analysis to ADE quiver gauge theories can be found in [17,18].
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the circular Wilson/’t Hooft loops will then be derived. The results provide a direct check of
S duality. In particular we will explicitly check that Wilson and ’t Hooft loops are exchanged
under S duality and that the gauge theory partition function is S-duality invariant.
We present also a qualitative study of the matrix model integral in the case where some of
the masses become large but keeping finite the overall sum. In this limit the integral can
be computed with a saddle point approximation giving the main qualitative features of the
localization for critical masses. The analysis follows closely [26–29] and shares with these
studies the leading behavior of the Wilson loops in the limit of a large number of colours.
This is the plan of the paper: In section 2 we derive the partition function of N = 2
SYM on C2 with fundamental matter for some critical choices of the masses. In section 3 we
treat the case of the gauge theory on S4 and derive exact formulae for the partition function
and the expectation value of the Wilson and ’t Hooft loops. In section 4 we describe the
AGT dual of the gauge theory. The technical material needed to follow our computations is
confined in the appendices. In particular, appendix A collects the definitions and properties
of the special functions used in the main text, appendix B the details of the four point
function in Liouville theory associated to the SU(2) case, and appendix C is a detailed
derivation of the main instanton partition function building blocks for the gauge theory.
2 The gauge theory on C2
We consider a four-dimensional U(N) gauge theory with 2N hypermultiplets, one half
of these transforming in the fundamental representation and the other half in the anti-
fundamental representation.
N N N
auµ¯u µu
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The partition function of the gauge theory is given by a product of the classical, one loop
and instanton contributions
Z = Zclass Zone−loop Zinst (2.1)
Denoting by q = e2piiτ the gauge coupling and by a = {au} the vevs, the classical contribution
reads
Zclass = q
− a·a
212 (2.2)
The instanton partition function follows from the localization formula [8–10]
Zinst =
∑
Y
q|Y |
N∏
u,v=1
Z∅,Yv(µ¯u − av)ZYu,∅(au − µv)
ZYu,Yv(au − av)
(2.3)
with au, µu, µ¯u parametrizing the vev’s and masses and the sum running over the array
Y = {Yu} of N Young tableaux specifying the positions of instantons around au. We denoted
4
by |Y | the instanton number given by the total number of boxes in Y . Finally ZYu,Yv is given
by [9, 10] (see appendix C for details)6
ZYu,Yv(x) =
∏
(i,j)∈Yu
(x+ 1(i− kvj)− 2 (j − 1− k˜ui))
×
∏
(i,j)∈Yv
(x− 1(i− 1− kuj) + 2 (j − k˜vi)) (2.4)
with (i, j) running over rows and columns respectively of either the Yu or Yv tableaux. Here
{kuj} and {k˜ui} are infinite and weakly decreasing sequences of positive integers giving the
length of the rows and columns respectively of the tableau Yu
7. It is convenient to rewrite
formula (2.4) in the infinite product form [30]
ZYu,Yv(x) =
∞∏
i,j=1
′ x+ 1(i− kvj)− 2 (j − 1− k˜ui)
x+ 1i− 2 (j − 1) (2.5)
where
∞∏
i,j=1
′ ≡ lim
L→∞
(−L1)|Yv | (−L2)|Yu|
L∏
i,j=1
(2.6)
One can check that the contributions coming from the numerator and denominator in (2.5)
cancel against each other except for a finite number of terms in the numerator, which re-
produce (2.4), and in the denominator, which cancel the prefactors in (2.6)8. Moreover, the
prefactors in (2.6) cancel in (2.3) between numerator and denominator and therefore the
prime in the infinite product can be omitted.
Interestingly the denominator in (2.5) does not depend on the shape of the Young tableaux
and therefore this infinite product can be factored out. The one-loop contribution is defined
in such a way to cancel this Y -independent term. Up to a-constant terms one can write
Zone−loop =
∞∏
i,j=1
∏N
u,v=1(µ¯u − av + 1i− 2 (j − 1))(au − µv + 1i− 2 (j − 1))∏N
u<v(auv + 1i− 2 (j − 1))(−auv + 1i− 2 (j − 1))
=
∏
u,v Γ2(µ¯u − av + )Γ2(au − µv + )∏
u<v Γ2(auv)Γ2(auv + )
(2.7)
where in the second line we used (A.4) and (A.9) to rewrite the infinite product in terms of the
Barnes double Gamma function Γ2(x|1, 2) (see appendix A for definitions and corresponding
properties). Here and below  = 1 + 2.
The prepotential of the gauge theory in the -background is defined as [8]
F = −12 logZ (2.8)
6 We notice the reflection symmetry ZYuYv (−−x) = ZYvYu(x) that implies that Zinst is symmetric under
the exchange µ¯u ↔ µu − .
7If i (j) is greater than the number of rows (columns) in Yu, the value of kuj (k˜ui) is zero.
8For example for Yu = , Yv = ∅ one finds limL→∞ (−L2)
(
x+
x+−L2
)
= x+  in agreement with (2.4).
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We notice that the Zone−loop given by (2.7) has zeros in the moduli space of masses of the
gauge theory. These zeros are located at the points where a flavor brane comes close to a
gauge brane (for small i’s) and indicate that a fundamental matter is getting “massless”
9.
In the following we will study the gauge theory in the nearby of these critical points.
2.1 Critical choices of masses
The contribution of the fundamental and anti-fundamental matter to the instanton partition
function can be written according to (2.4) as
Z∅,Yv(µ¯u − av) =
∏
(i,j)∈Yv
(µ¯u − av − 1(i− 1)− 2 (j − 1))
ZYu,∅(au − µv) =
∏
(i,j)∈Yu
(au − µv + 1i+ 2 j) (2.9)
We notice that some eigenvalues in (2.9) become zero for the critical choice of masses
µu = au + pu 1 + qu 2 pu, qu ∈ Z≥1 (2.10)
or
µ¯u = au + (pu − 1) 1 + (qu − 1) 2 pu, qu ∈ Z≥1 (2.11)
with (pu, qu) some integers. Indeed for both choices, (2.9) vanishes if the tableaux Yu contains
the box (i, j) = (pu, qu). In particular for (pu, qu) = (1, 1) no instanton contributions are
allowed, for (pu, qu) = (1, n) only those tableaux, Yu, with less than n rows contribute and
so on.
We will focus on the two simplest non trivial choices
I µu = µ
I
u = au + 
II µu = µ
II
u = au + + 2 δu,1 (2.12)
with µ¯u arbitrary. In the case I one finds that all non-trivial Young tableaux give a vanishing
contribution leading to
ZIinst = 1 (2.13)
On the other hand, for the choice II a non-trivial contribution arises only from an array
of tableaux with a single non empty tableau Y1 made of a unique row and Yu6=1 = ∅. For
this simple configuration the instanton partition function can be explicitly evaluated and
resummed. Indeed, denoting by k the length of Y1, one finds
ZIIinst =
∞∑
k=0
qk
k∏
i=1
∏N
u=1(µ¯u − a1 − 1(i− 1))(a1 − µIIu + 1i+ 2)
(1(i− k) + 2)(i1)
∏N
u=2(a1u + 1i+ 2)(au1 − 1(i− 1))
=
∞∑
k=0
qk
∏N
v=1 [Av]k
k!
∏N
v=2 [Bv]k
= NFN−1(AB
∣∣q) (2.14)
9In presence of an -background and vevs, the parameters µ, µ¯ are related but not directly identified with
the masses.
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with [x]k =
∏k−1
p=0(x+ p) , NFN−1(
A
B
∣∣q) the generalized hypergeometric function10 and
Av =
a1 − µ¯v
1
=
µ1 − µ¯v − 22
1
− 1 v = 1, . . . N
Bv =
a1 − av + 2
1
+ 1 =
µ1 − µv
1
+ 1 v = 2, . . . N (2.15)
Similar formulae can be found by replacing δu,1 by δu,j in (2.12), i.e.
II µ(j)u = au + + 2 δu,j ⇒ ZIIinst,j = NFN−1
(
A(j)
B(j)
∣∣q) (2.16)
with
A
(j)
k = 1−Bj + Ak, B(j)k =
{
1−Bj +Bk k 6= j
2−Bk k = j (2.17)
and B1 = 1. Formulae (2.14) and (2.16) provide us with the simplest examples of N = 2
gauge theories on C2 where non-trivial multi-instanton corrections can be computed in an
analytic form. In section 3.4 we will see how this simplification can be understood from the
point of view of the AGT dual Toda CFT where the instanton partition function is associated
to correlators involving the insertion of degenerated fields. For example, the critical choice
(p1, q1) = (1, 1), (p2, q2) = (p, q) for the SU(2) gauge theory can be associated to the insertion
of the so called φ(p,q)-degenerated field in Liouville theory.
3 The gauge theory on S4
In this section we consider the gauge theory on S4. The partition function in this case
is obtained by squaring the Ω-deformed gauge theory partition function Z(a) on C2 and
integrating it over the vevs a ∈ SU(N) of the scalar fields at infinity [3]. For a round
sphere of radius r one takes 1 = 2 =
1
r
, while arbitrary i represent the gauge theory on an
ellipsoid [21].
In this section we derive exact formulae for the partition function of N = 2 gauge theories
on ellipsoids with critical masses. We will also compute the expectation value of circular
supersymmetric Wilson/’t Hooft loops relying on the localization formulae [3, 25,31].
3.1 The partition function
The partition function on the sphere S4 (or ellipsoid in the case 1 6= 2) is given by the
integral [3]
ZS4 = Zflavor
∫
γ
da |ZclassZone−loopZinst|2 (3.1)
10For the U(1) case the generalized hypergeometric solution reduces to (1− q)−A1 .
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γRe a
Ima
|
−/2 /2
|
×µ1 ×× ×× ×µ1 − 
×
− µ2
×× ×× ×−µ2
×µ2 ×× ×× ×µ2 − 
×
− µ1
×−µ1 ×× ××
1
Figure 1: µ-dependent poles of Zpert(a) for the case of gauge group SU(2).
with da =
∏N−1
u=1 dau, aN = −
∑N−1
u=1 au. The integral runs over the lines au ∈ iR. We take
(consistently with the µ¯↔ µ−  symmetry)
µ¯u ∈ − 2 + iR , µu ∈ 2 + iR (3.2)
Notice that these conventions for the domain of µ¯’s are different from that in [21]. This
leads to a different look for Zone−loop but identical results for the truly physical quantity
|Zone−loop|2.
The term Zflavor is a normalization factor associated to the SU(N)
2 × U(1)2 flavor sym-
metry
Zflavor = Υ(κ0)Υ(κ1)
∏
u<v
Υ(µ¯uv)Υ(−µuv) (3.3)
with
κ0 =
N∑
u=1
(au − µ¯u) κ1 =
N∑
u=1
(au − µu + ) (3.4)
The function Υ(x) is defined in appendix A. Including or not this factor may be matter of
taste since Zflavor is independent of the SU(N) gauge variables and it is therefore irrelevant
to the dynamics of the non-abelian gauge theory. Still, the inclusion of this term, as we will
see, guarantees the analyticity of the partition function ZS4 over the µ, µ¯ plane. In addition,
the gauge theory partition function defined in this way precisely matches, as we will see, the
AGT dual 4-point correlator in AN−1 Toda field theory up to µ, µ¯-independent constants.
Together with the classical and one loop contributions (2.2) and (2.7) one finds
Zpert(a) = Zflavor|ZclassZone−loop|2
= |q|− a·a12 Υ(κ0)Υ(κ1)
∏
u<v Υ(µ¯uv)Υ(auv)Υ(avu)Υ(µvu)∏N
u,v=1 Υ(av − µ¯u)Υ(µv − au)
(3.5)
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We notice that the integrand in (3.1) has an infinite number of poles in the a-plane.
In Fig.1, for the purpose of exemplification, we show the poles coming from the zeros of
Υ(µv − au) in the case of gauge group SU(2). A similar sequence of poles comes from the
zeros of Υ(av − µ¯u). The integration in (3.1) is along the path, given by the imaginary axis,
which is marked in red in Fig.1. We notice that for µ, µ¯ in the range (3.2) no poles fall along
the contour γ and moreover the number of poles on the two sides of γ coincides.
The partition function ZS4 , viewed as a function of the masses, can be extended analyt-
ically to the whole complex plane µu, µ¯u ∈ C. In doing this the contour γ in (3.1) should be
properly deformed in such a way that the poles of the integrand do not cross the integration
path γ. Equivalently one can keep the contour always along the imaginary axis adding to
the result of the integral the sum of the residues over the poles of the integrand crossing γ.
This procedure is well known from the CFT side [22] (see also [25]).
In the following, we focus on special choices of the mass parameters of the gauge theory
for which the integral over a in ZS4 can be analytically computed. We consider two choices,
that we refer as cases I and II. They are closely related to the cases I and II of the gauge
theory on C2 considered in the last section. Indeed, as we will see, for the two choices the
integral along γ localizes around critical values of au satisfying the relations (2.12) for which
the full instanton sums Zinst have been evaluated.
3.1.1 Critical masses: case I
We consider first the co-dimension one slice of the moduli space defined by masses µu satis-
fying the relation
κ1 =
N∑
u=1
(− µu) = 0 (3.6)
For this choice, Zone−loop ∼ Υ(κ1) = 0 all the way along the a-plane except at the points
where the denominator of Zone−loop also vanishes. The integral is then given by the sum of
the residues of those poles of Zone−loop crossing γ once we move from the region of definition
(3.2). For the case I the relevant poles and the contour are displayed in Fig.2 for the gauge
group SU(2). This figure can be obtained from Fig.1 by applying a rigid shift to µ1 and µ2
such that µ1 + µ2 = 2. Under this shift the rows containing µ1,2 will be shifted towards
the right while those containing −µ1,2 will be shifted towards the left. In the process the
poles denoted by a bullet, •, in the figure cross the imaginary axis, Im a, and contribute to
the residues. On the other hand, the integrand in (3.1) contains the terms Υ−1(µ2 − av)
associated to the poles labelled  − µ2 in the figure and denoted by ◦, which come close to
γ from the other side and cancel the zero coming from Υ(κ1), leading to a finite result. A
similar analysis can be performed for the SU(N) case. For simplicity, we will take µu, µ¯u
from now on given by real numbers (with small imaginary parts) and therefore all the poles
in the figures are located near the real line.
Summarizing, for the gauge group SU(N) the partition function gets contributions only
9
γRe a
Im a
•
µ1 − 
×××× ×µ1
◦
− µ2
×××−µ2××
◦µ2 −  ×
µ2
××××
•
− µ1
×−µ1×× ××
2
Figure 2: To obey to the condition (3.6) the poles of Fig.1 must be shifted and the integration
contour γ needs to be deformed. In this figure we depict the situation for the gauge group
SU(2).
from the residue at the poles
au = a
crit
u = µu −  (3.7)
up to a permutation of the µu’s. The residue is given by
ZIS4 = N N ! Resa=acrit
(
Zpert(a) |Zinst(a)|2
)
= |q|− (µ−)
2
12
N N ! Υ(κ0)
Υ′(0)N−1
∏
u<v Υ(µ¯uv)Υ(µvu)∏
u,v Υ(µv − µ¯u − )
(3.8)
where we have used Zinst(a
I
crit) = 1 according to (2.13). The N ! comes from the sum over the
permutations of the µu’s, while the extra N counts their combinations in the N -tuples which
define each pole. Formula (3.8) is obvious from a CFT perspective since the critical choice
I of masses corresponds to the insertion of an identity operator leading to a three (rather
than four) point function that is clearly independent from the coordinates. On the other
hand, the result is highly non-trivial from the gauge theory point of view, since it provides
an exact formula for the gauge theory partition function on that slice of the moduli space
defined by (3.6).
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3.1.2 Critical masses: case II
The next simplest (but non-trivial) case corresponds to the choice
κ1 =
N∑
u=1
(− µu) = −2 (3.9)
Once again, Zone−loop ∼ Υ(κ1) = 0 almost everywhere except at the poles in (3.5). The
situation is very similar to the previous case. The relevant poles can now be written as
au = a
crit
u,j = µu − − δuj 2 (3.10)
up to permutations of the µu’s. The partition function becomes
ZIIS4 =
N∑
j=1
cj|Zj(q)|2 (3.11)
with
Zj = Zinst(a
(j)
crit) = NFN−1
(
A(j)
B(j)
∣∣q) (3.12)
written in terms of the A(j),B(j) defined in (2.17) and (2.15), and
cj = N ! Resa=a(j)crit
Zflavor(a)|ZclassZone−loop(a)|2 (3.13)
= N ! |q|−
a
(j)
crit
·a(j)
crit
12
Υ(κ0)
∏
u<v Υ(µ¯uv)Υ(µvu)
Υ′(0)N−1
∏
u,v Υ(µv − µ¯u − − 2δvj)
∏
u6=j
Υ(µuj − κ1)
Υ(µuj)
Alternatively one can write
ZIIS4 = c1
N∑
j=1
rj|Zj(q)|2 (3.14)
with
rj =
cj
c1
= |q1−Bj |2
N∏
u=1
γ(Bu) γ(Bj −Bu)
γ(Au) γ(Bj − Au) (3.15)
and the γ(x) function defined in (A.14). Written in this form, one can check that the ZS4
defined by (3.14) with rj given by (3.15) is single valued on the whole q-complex plane. This
fact is obvious around the point q = 0 given that Zj picks up a phase when going around
the origin. The single valuedness around q = ∞ follows by sending q → q−1 and using the
trigonometric relation (A.20) and the form of rj to show that ZS4 is again given by a sum
of squares around q =∞. This provides a highly non-trivial consistency check of the results
for ZS4 . In the section 3.4 we will present a further test of this result by matching the gauge
theory partition function with the AGT dual correlator in the AN−1Toda Field Theory.
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3.2 Wilson loops
The expectation value of a supersymmetric circular Wilson loop (at the equator in the first
plane) is given by the localization formula [3, 25]
〈W 〉 =
〈
ei
∫
C AMdx
M
〉
=
1
ZS4
∫
γ
daZpert(a)|Zinst(a)|2TrR e
2piia
1 (3.16)
Plugging (3.8) and (3.14) into (3.16) one finds for the two choices of critical masses and for
R being the fundamental representation
〈W 〉I =
N∑
u=1
e
2pii
(µu−)
1
〈W 〉II =
∑N
j,u=1 e
2pii
(µu−−2δuj)
1 rj|Zj|2∑N
j=1 rj |Zj|2
(3.17)
Formulae (3.17) are exact and show that ln〈W 〉 grows linearly with the perimeter 2pi/1
of the Wilson loop. Interestingly on a round sphere both results reduce to the classical
contribution 〈W 〉 = ∑Nu=1 e2piiµu .
3.3 ’t Hooft loops
The results in the last sections are exact and therefore can be used to study the strong
coupling behavior of the partition function and Wilson loops in N = 2 gauge theories
with critical masses. Indeed, using standard transformation properties of the generalized
hypergeometric functions the results can be rewritten as an expansion around q = 1 rather
than q = 0. Here we illustrate this analysis for the SU(2) case.
Let us consider first the partition function. Using (A.21) and (A.22) (and dropping the
subscript 2 for B) one can write
Z1 =
piΓ(B)
sin(pi(B −A1 −A2))
(
Z˜1
Γ(B −A1)Γ(B −A2)Γ(A1 +A2 −B + 1)
− (1− q)
B−A1−A2 Z˜2
Γ(A1)Γ(A2)Γ(B −A1 −A2 + 1)
)
Z2 =
piΓ(2−B) qB−1
sin(pi(B −A1 −A2))
(
Z˜1
Γ(1−A1)Γ(1−A2)Γ(A1 +A2 −B + 1)
− (1− q)
B−A1−A2 Z˜2
Γ(1 +A1 −B)Γ(1 +A2 −B)Γ(B −A1 −A2 + 1)
)
(3.18)
with
Z1 = 2F1
(
A1,A2
B
∣∣q) Z2 = 2F1 (1−B+A1,1−B+A22−B ∣∣q)
Z˜1 = 2F1
(
A1,A2
A1+A2−B+1
∣∣1− q) Z˜2 = 2F1 (B−A1,B−A21+B−A1−A2∣∣1− q) (3.19)
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We notice that the quantities with the tilde are obtained from those without via the replacements11
q → 1− q B → A1 +A2 −B + 1 (3.20)
Plugging (3.18) into (3.14) one finds
ZS4 = c1|Z1|2 + c2|Z2|2 = c˜1|Z˜1|2 + c˜2|Z˜2|2 (3.21)
with
c˜1 =
γ(B)γ(1−B +A1)
γ(B −A2)γ(1−B +A1 +A2) c1 c˜2 =
|1− q|2(B−A1−A2) γ(B)γ(A1 +A2 −B)
γ(A1)γ(A2)γ(B −A2)γ(1−B +A2) c1 (3.22)
The equivalent descriptions in the left and right hand sides of (3.21) provide the expansions
of the gauge theory partition function in the weak (q ≈ 0) and strong (q ≈ 1) coupling
regimes. The natural variables in the two regimes are related by the map (3.20).
Finally, we consider the expectation value of a circular Wilson loop in the fundamental
representation (spin 1
2
) of SU(2). Following [3,25] the evaluation of the circular Wilson loop
boils down to insert the operator 2 cos
(
2pia
1
)
in the gauge theory partition function. After
localization around a = a
(j)
crit = {12(B − 1)1 ∓ 122} this results into
〈W 〉 = 1
ZS4
[
−2 c1 cos
(
piB − pi2
1
)
|Z1|2 − 2 c2 cos
(
piB + pi2
1
)
|Z2|2
]
(3.23)
Using (3.18) to rewrite (3.23) in terms of the Z˜i one finds for the expectation value of the ’t
Hooft loop
〈H1/2〉 = cijZ˜iZ˜j
ZS4
(3.24)
with
c11 =
2c˜1
(
cos
(
piB + pi21
)
sinpiA1 sinpiA2 − cos
(
piB − pi21
)
sinpi(B −A1) sinpi(B −A2)
)
sinpiB sinpi(B −A1 −A2) (3.25)
c22 =
2c˜2
(
cos
(
piB − pi21
)
sinpiA1 sinpiA2 − cos
(
piB + pi21
)
sinpi(B −A1) sinpi(B −A2)
)
sinpiB sinpi(B −A1 −A2)
c21 =
(1− q)B−A1−A2 2pi3 c˜1
(
cos
(
piB − pi21
)
− cos
(
piB + pi21
))
sinpiB sin2 pi(B −A1 −A2) Γ(B −A1 −A2)Γ(1 +B −A1 −A2)
∏2
i=1 Γ(Ai)Γ(1−B +Ai)
c12 =
(1− q)A1+A2−B 2pi3 c˜2
(
cos
(
piB − pi21
)
− cos
(
piB + pi21
))
sinpiB sin2 pi(B −A1 −A2) Γ(A1 +A2 −B)Γ(1−B +A1 +A2)
∏2
i=1 Γ(1−Ai)Γ(B −Ai)
The quantities cij are related to the H±, H0 obtained in [25] from a CFT analysis (see [31]
for direct computations of ’t Hooft loops in the gauge theory side). In appendix B.4 we
provide a detailed comparison of the results. The matching provides a strong consistency
test of our results here and it is an explicit check of S duality among Wilson and ’t Hooft
loops.
11The replacement q → 1− q corresponds to send {∞, 1, q, 0} into {∞, 0, q, 1}, while B → A1 +A2−B+ 1
amounts to exchange α2 ↔ α4 on the CFT side, according to the notation in B.3.
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3.3.1 A saddle point analysis
The qualitative behavior of the results we found for the expectation value of the Wilson
loop in N = 2 gauge theories with critical masses can be confirmed by considering the limit
in which some of the masses are large keeping the overall sum small. This limit can be
treated with a simple saddle point analysis along the lines of the large N analysis in [26–29].
As we will see, this rather crude approximation already captures the localization of the a-
integral and the qualitative behaviour of our result for gauge theories with critical masses.
For simplicity, we focus on the SU(2) case. We write
Zpert(a) = e
−Seff (3.26)
with
Seff ≈ − ln Υ(2a)Υ(−2a)+
2∑
u=1
ln Υ(a−µ¯u)Υ(µu−a)Υ(−a−µ¯u)Υ(µu+a)+ a
2
12
ln |q| (3.27)
For 1 = 2 = 1, and µ1 = −µ2 = µ with µ >> µ¯u, the expansion (A.18) leads to
Seff = −2 a2 ln(2a)2 + (µ− a)2 ln(µ− a)2 + (µ+ a)2 ln(µ+ a)2 + . . . (3.28)
The leading contribution to the integral of |ZpertZinst|2 comes from the acrit extremizing Seff ,
i.e. from the solutions of S ′eff(acrit) = 0. One finds acrit = ±µ. Plugging into (3.16) one finds
for the expectation value of a Wilson loop in the fundamental representation
〈W 〉 ≈ 2 cos 2piµ (3.29)
in agreement with (3.17) for a round sphere 1 = 2 = 1.
3.4 The AGT dual
In this section we describe the AGT dual of the gauge theory partition function with critical
masses. According to the AGT dictionary [25, 32], the partition function of an SU(N)
gauge theory with N fundamental and N anti-fundamental hypermultiplets is mapped to
a four point function on the sphere in AN−1 Toda field theory with two U(1) and two
SU(N) punctures, see Fig. 3. The choice of critical masses corresponds to the insertion of a
degenerated field at one of the U(1) punctures. The corresponding correlator was computed
in [23, 24]. Here we collect some background material on the Toda Field theory and the
results for the relevant correlator showing the matching with the gauge theory answer.
3.4.1 Toda field theory
Let us briefly recall few facts concerning the Toda field theory. The action is given by
A =
∫
d2x
(
1
8pi
(∂ϕ)2 +m
N−1∑
i=1
eb(ei,ϕ)
)
(3.30)
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SU(N)
au
U(1)
κ0
U(1)
κ1
SU(N)
µ¯u
SU(N)
µu
⇐⇒
α
κ0ωN−1
α0
κ1ω1
α2
Figure 3: On the left the quiver diagram for the conformal SU(N) gauge theory: in evidence
the SU(N)2 ×U(1)2 flavor factors. On the right the diagram of the conformal block for the
dual Toda field theory.
where ϕ is a N dimensional vector equipped with the usual Euclidean scalar product, whose
components sum to zero and ei are the simple roots of the algebra AN−1. Explicitly
(ei)k = δi,k − δi+1,k (3.31)
with k = 1, 2, . . . N . The fundamental weights ωi, by definition, constitute the dual basis:
(ei, ωj) = δi,j. Explicitly
(ωi)k =
{
1− i
N
, k ≤ i
− i
N
, k > i
(3.32)
We also need the set of weights of the fundamental representation
hk = ω1 − e1 − · · · − ek−1 (3.33)
for k > 1 and h1 = ω1. In particular, for an arbitrary vector a one finds
(hk, a) = ak − 1
N
N∑
k=1
ak (hk, hl) = δk,l − 1
N
(3.34)
Let us define Q = Qρ, where Q = b+ 1/b and
ρ =
1
2
N∑
k=1
(N + 1− 2k)hk (3.35)
is the Weyl vector (half sum of all positive roots). The central charge of the Virasoro algebra
is
c = N − 1 + 12(Q,Q) = (N − 1)(1 +N(N + 1)Q2) (3.36)
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The primary fields, Vα = exp(α, φ), in the Toda theory have conformal dimension
∆α =
(α, 2Q−α)
2
=
(Q− P,Q + P )
2
with P the momentum defined by
P = α−Q (3.37)
Conventionally the states are parameterized in terms of P and the fields viaα. It is important
that this parametrization is modulo Weyl reflections, which simply permute the components
of the momenta. We also notice that α can always be chosen such that
∑
u αu = 0 and then
(α−Q, hu) = (α−Q)u (3.38)
The W-Ward identities (there are holomorphic currents of spin s, W (s), with s = 3, . . . , N)
show that a two point function 〈V1(z1)V2(z2)〉 is nonzero only if P1 = −P2. An ingoing state
should then be accompanied by the reflection P → −P or equivalently α→ 2Q−α.
3.4.2 The four point conformal block
The instanton partition function of the gauge theory on C2 can be related (see B.3 for details)
to the chiral four point function conformal block12
〈V2Q−α0(∞)Vκ0ωN−1(1)Vκ1ω1(z)Vα2(0)〉 = z(h1,α2)b(1− z)
κ0
N
bG(z) (3.39)
with κ1 given by
κ1 = (1− p)1
b
+ (1− q)b (3.40)
for some p, q ∈ Z≥0. These operators are associated to degenerated fields in the Toda field
theory. A correlator involving the insertion of a degenerated field satisfies a differential
equation of order pq. In particular the case p = q = 1 corresponds to the identity operator
and the associated conformal block is trivial
I κ1 = 0 G(z) = 1 (3.41)
The first interesting case occurs at (p, q) = (1, 2) associated to the so called φ12 field. The
function G(z) in this case satisfies the Pochhammer differential equation (see [23, 24])[
z
N∏
i=1
(
z
∂
∂z
+ Ai
)
− z ∂
∂z
N∏
i=2
(
z
∂
∂z
+Bi − 1
)]
G(z) = 0 (3.42)
with
Aj =
κ0
N
b+
(1−N)
N
b2 + (h1,α2 −Q)b− (hj,α0 −Q)b j = 1, . . . N
Bj = 1 + (h1 − hj,α2 −Q)b j = 2, . . . N (3.43)
12 We notice that Vκ1ω1 ∼ V(N−κ1)ωN−1 . Indeed the momenta κ1ω1 − Q and (N − κ1)ωN−1 − Q are
related by a cyclic permutation of components.
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The N independent solutions can be written as
II κ1 = −b : Gj(z) = z1−BjNFN−1
(
A(j)
B(j)
∣∣z) (3.44)
with j = 1, . . . , N , B1 = 1 and A
(j),B(j) given by (2.17).
3.4.3 The four point correlator
The full correlator can be written as
G(z, z¯) =
N∑
j=1
Cj
∣∣∣z(h1,α2)b(1− z)κ0N bGj(z)∣∣∣2 (3.45)
with Cj determined by the requirement that G(z, z¯) is single valued over the z-plane. Alter-
natively the coefficients Cj can be built out of the three point vertices
Cj =
1
(2pii)N−1
∮
α
(j)
crit
dN−1αC(2Q−α0,α, κ0wN−1)C(2Q−α,α2, κ1w1) (3.46)
with13
C(2Q−α,β, κwN−1) =
Υ(b)N−1Υ(κ)
∏
u<v Υ((α−Q, hu − hv))Υ((Q− β, hu − hv))∏
u,v Υ(
κ
N
+ (Q−α, hu) + (β −Q, hv))
(3.47)
and the same formula for the three point function involving the insertion of Vκw1 with hu →
−hu, hv → −hv in the denominator of (3.47). The contour integral picks up the residue at
the pole
α
(j)
crit = α2 + κ1 hj (3.48)
with κ1 = −b. One finds
Cj = Resα=α(j)crit
C(2Q−α0,α, κ0wN−1)C(2Q−α,α2, κ1w1) (3.49)
=
Υ(b)2N−2
Υ′(0)N−1
Υ(κ0)
∏
u<v Υ((α0 −Q)uv)Υ((Q−α2)uv)
∏
u6=v Υ((α2 −Q)uv + κ1δuj − κ1δvj)∏
u,v Υ(
(κ0−κ1)
N + (Q−α0, hu) + (α2 −Q, hv) + κ1δjv)
∏
u6=v Υ((α2 −Q)uv + κ1δuj)
=
Υ(b)2N−2
Υ′(0)N−1
Υ(κ0)
∏
u<v Υ((α0 −Q)uv)Υ((Q−α2)uv)∏
u,v Υ(
(κ0−κ1)
N + (Q−α0, hu) + (α2 −Q, hv) + κ1δjv)
∏
u6=j
Υ((α2 −Q)uj − κ1)
Υ((α2 −Q)uj)
Using the dictionary below (3.50) one can see that the result (3.45) with Cj given by
(3.49) perfectly matches the gauge theory partition function up to an irrelevant constant.
In particular, the ratios Rj =
Cj
C1
are given again by (3.15) with Aj, Bj now given by (3.43):
Rj = rj|qBj−1|2. This ensures the single valuedness of G(z, z¯) and provides us with a highly
non-trivial consistence check of the results for Cj.
13For simplicity we work in units where piµγ(b2)b2−2b
2
= 1.
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3.4.4 The Toda/gauge theory dictionary
CFT and gauge theory variables are related via the dictionary
(Pm)u = (αm −Q)u = am,u − 1
N
N∑
u=1
am,u am,u = (a0,u, a1,u, a2,u) = (µ¯u, au, µu)
κ0 =
∑
u
(au − µ¯u) κ1 =
∑
u
(au − µu + ) Gj(q) = q
µj−µ1
1 Zj(q) (3.50)
with 1 =
1
b
, 2 = b. Plugging (3.50) into (3.44) one finds perfect agreement between the
Toda conformal blocks Gj(q) and the instanton partition functions Zj for the critical choices
of masses II (2.16). On the other hand the residues Cj in the Toda field theory reproduce
the one-loop contributions in the gauge theory on S4. Case I corresponds to the insertion of
an identity operator and therefore the conformal block is trivial consistently with the fact
that ZIinst = 1 in the gauge theory side.
4 Summary of results
In this paper we have derived exact formulae for the partition function of a special class
of N = 2 gauge theories on R4 and S4 with fundamental and anti-fundamental matter.
On R4 we have showed that choosing the difference between the masses and the vev’s to
be a combination of the ` with integer coefficients, only a very restrictive type of instanton
configurations (Young tableaux shape) can contribute to the gauge theory partition function.
The critical choices of masses are in correspondence with the choices of degenerated field
insertions in the AGT dual Liouville or Toda field Theory. The simplest non-trivial cases
correspond to either no instantons, or instantons associated to Young tableaux made of a
single row. In the latter case the full instanton partition function can be evaluated and
written in terms of generalized hypergeometric functions.
On S4, a critical mass corresponds to discrete choices of the overall mass associated to
the center U(1) of the U(N) flavor group acting on the fundamental matter. For these
choices the integral
∫
da|Z(a)|2 localizes around a finite set of critical points where it can be
explicitly evaluated as a sum of residues of the integrand. The gauge theory computation
mimics that of a very well known CFT correlator in Toda field theory involving the insertion
of a degenerated field. Exact formulae for the expectation values of circular supersymmetric
Wilson and ’t Hooft loops in this class of gauge theories are also derived.
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A The Barnes double gamma function
The Barnes double gamma function can be defined by the integral14
log Γ2(x|1, 2) = d
ds
(
Λs
Γ(s)
∫ ∞
0
dt
t
ts e−xt
(1− e−1t)(1− e−2t)
) ∣∣∣
s=0
(A.1)
Using the representation of the logarithm
log
x
Λ
= − d
ds
(
Λs
Γ(s)
∫ ∞
0
dt
t
ts e−xt
) ∣∣∣
s=0
(A.2)
one can think of Γ2(x) as a regularization of the infinite product (for 1, 2 > 0)
Γ2(x) =
∞∏
i,j=0
(
Λ
x+ i1 + j2
)
(A.3)
with poles in the non-negative integers (i, j). Using the same manipulations one finds (for
1 > 0, 2 < 0)
∞∏
i,j=1
(
x+ i1 − (j − 1)2
Λ
)
= Γ2(x+ ) (A.4)
The following identity holds
Γ2(x+ 1) Γ2(x+ 2) = xΓ2(x) Γ2(x+ 1 + 2) (A.5)
For large Rex the expansion of (A.1) can be written as
log Γ2(x) = c0 x
2
(
−1
4
log
(x
Λ
)2
+ 3
4
)
+ c1 x
(
1
2
log
(x
Λ
)2
− 1
)
− c2
4
log
(x
Λ
)2
+
∞∑
n=3
cnx
2−n
n(n− 1)(n− 2) (A.6)
with cn defined by
1
(1− e−1t)(1− e−2t) =
∞∑
n=0
cn
n!
tn−2 (A.7)
14In the following and in the main text we used the shorthand notation Γ2(x) when it is not necessary to
specify its dependence on the i. The related function γ1,2(x) = Γ2(x+ ) is often used in the literature.
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i.e.
c0 =
1
12
c1 =
1 + 2
212
c2 =
21 + 312 + 
2
2
612
(A.8)
For Rex < 0 we defined Γ2(x) via the (A.6), so we have the simple reflection property
Γ2(−x|1, 2) = Γ2(x| − 1,−2) = Γ2(x+ |1, 2) (A.9)
where the last equality follows from (A.1).
The case 1 =
1
b , 2 = b
We will mainly consider the case
1 =
1
b
2 = b Q =  = 1 + 2 =
1
b
+ b (A.10)
and define
Υ(x) =
1
Γ2(x|1b , b)Γ2(Q− x|1b , b)
(A.11)
The function Υ(x) is an entire function with zeros at
Υ
(−mb− n
b
)
= Υ
(
(m+ 1)b+ n+1
b
)
= 0 for m,n ∈ Z≥0 (A.12)
which satisfies the properties
Υ(x) = Υ(Q− x) Υ(Q
2
) = 1
Υ(x+ b) = γ(b x)b1−2 b x Υ(x) Υ(x+ 1
b
) = γ(x
b
)b
2 x
b
−1 Υ(x)
(A.13)
with
γ(x) =
Γ(x)
Γ(1− x) (A.14)
The function Υ(x) admits the integral representation
log Υ(x) =
∫ ∞
0
dt
t
[(
Q
2
− x
)2
e−t − sinh
2
(
Q
2
− x) t
2
sinh bt
2
sinh t
2b
]
(A.15)
The case b = 1 is particularly simple. The double Gamma function reduces to the G-Barnes
function G(x)
G(x) =
1
Γ2(x|1, 1) Υb=1(x) = G(x)G(2− x) (A.16)
satisfying G(x+ 1) = Γ(x)G(x), G(1) = 1. The G-function can be expanded around x ≈ 0
logG(x+ 1) = x
2
(log 2pi − 1)− (1 + γ)x2
2
+
∞∑
n=3
(−)n−1ζ(n− 1)x
n
n
(A.17)
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or for large x
logG(x+ 1) = x2(1
4
lnx2 − 3
4
) + x
2
ln 2pi − 1
24
lnx2 + ζ ′(−1) +
∞∑
n=1
B2n+2
4n(n+ 1)x2n
leading to
log Υ(x+ 1|1, 1) = logG(1 + x) + logG(1− x)
= x2(1
2
lnx2 − 3
2
)− 1
12
lnx2 + 2ζ ′(−1) +
∞∑
n=1
B2n+2
2n(n+ 1)x2n
(A.18)
for large x and
log Υ(x+ 1|1, 1) = −
∞∑
n=2
ζ(2n− 1)x
2n
2n
− (γ + 1)x2 (A.19)
for x small. In the previous formulae ζ(n) is the Riemann zeta function, the Bn are the
Bernoulli numbers, while γ is the Euler-Mascheroni constant.
A.1 Hypergeometric identities
The large z expansion of the hypergeometric functions can be found from the Taylor expan-
sion around z = 0 via the identity
NFN−1(AB
∣∣z) N∏
i=1
Γ(Ai)
Γ(Bi)
=
N∑
k=1
(−z)−AkΓ(Ak)
∏N
i 6=k Γ(Ai − Ak)∏N
i=2 Γ(Bi − Ak)
NFN−1
(
1+Ak−Bˆ
1+Ak−Aˆ(k)
∣∣∣1z) (A.20)
with Aˆ(k) = {Au6=k}u=1,...,N and Bˆ = {1, B2, . . . , BN}. A similar relation allows to write the
expansion around z = 1. Explicitly, for N = 2 one finds
sin (pi(B − A1 − A2))
piΓ (B)
2F1
(
A1,A2
B
∣∣∣z) (A.21)
=
1
Γ (B − A1) Γ (B − A2) Γ (A1 + A2 −B + 1) 2F1
(
A1,A2
A1+A2−B+1
∣∣∣1− z)
− (1− z)
B−A1−A2
Γ (A1) Γ (A2) Γ (B − A1 − A2 + 1) 2F1
(
B−A1,B−A2
B−A1−A2+1
∣∣∣1− z)
We will also use in the main text the Euler’s transformation
2F1
(
A1,A2
B
∣∣∣z) = (1− z)B−A1−A22F1 (B−A1,B−A2B ∣∣∣z) (A.22)
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B The correlator in Liouville theory
In this appendix we derive the four point function in the dual 2d Liouville CFT involving the
insertion of a null state. We consider a two dimension conformal field theory with central
charge
c = 1 + 6Q2 = 1 + 6
(
b+
1
b
)2
(B.1)
stress energy tensor T and chiral fields φh. The operator product expansions (OPE) read
T (w)φh(z) ≈ hφh
(w − z)2 +
∂zφh(z)
(w − z) + . . .
T (w)T (z) ≈ c
(z − w)4 +
2T (z)
(w − z)2 +
∂zT (z)
(w − z) + . . . (B.2)
We define the Virasoro operators
LznO(z) =
∮
γz
dw
2pii
(w − z)n+1 T (w)O(z) (B.3)
with γz a contour around z. Virasoro generators satisfy the algebra
[Ln, Lm] = (n−m)Ln+m + c
12
(n3 − n)δn+m,0 (B.4)
It is convenient to parametrize the dimension of a primary field as
h(α) = α(Q− α) (B.5)
and denote the corresponding field as φα. It should be noted that this parametrization is not
one to one, since the fields φα and φQ−α are identified up to a numerical multiplier, called
reflection amplitude.
A null state Onull is defined by the condition
LznOnull(z) = 0 n > 0 (B.6)
The general null state is labeled by two integers and can be written as
Omn = Lmnφmn (B.7)
with Lmn being some polynomial of the Virasoro generators at the total level N = nm acting
on a primary field φmn of conformal dimension
hmn = αmn(Q− αmn) (B.8)
with two equally admissible choices for the parameters αmn
αmn ≡ 1
2b
(1−m) + b
2
(1− n) (B.9)
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or
αmn ≡ 1
2b
(1 +m) +
b
2
(1 + n) (B.10)
For instance
O12 =
(
L2−1 + b
2L−2
)
φ12 h12 = −12 − 3b
2
4
(B.11)
O13 =
(
L3−1 + 4b
2L−1 L−2 + (4b4 − 2b2)L−3
)
φ13 h13 = −1− 2b2
and so on.
B.1 The degenerated conformal blocks
We are interested in four point functions involving the insertion of a φnm primary state. We
denote the four-point function by
F (zi) = 〈φ1(z1)φ2(z2)φ3(z3)φ4(z4)〉 (B.12)
Conformal invariance strongly restricts the form of F . Using the OPE (B.2) one expects
〈T (w)φ1(z1)φ2(z2)φ3(z3)φ4(z4)〉 =
4∑
i=1
(
hiF
(w − zi)2 +
Fi
(w − zi)
)
(B.13)
with Fi = ∂ziF . On the other hand at large w, the correlator (B.13) is expected to fall as
w−4 since the vacuum is annihilated by L0, and L−1, i.e. 〈0|T (w) =
∑
n∈Z〈0|Lnwn−2 ∼ w−4.
Equating to zero the coefficients of w−n with n = 1, 2, 3 one finds
4∑
i=1
Fi = 0
4∑
i=1
(ziFi + hiF ) = 0
4∑
i=1
(z2i Fi + 2zihiF ) = 0 (B.14)
These equations imply in particular that F is a function only of the harmonic ratio z = z12z34
z13z24
.
Moreover equations (B.14) can be used to expressed F1, F2, F4 in terms of F (z) and F
′(z).
In particular setting
z1 =∞ z2 = 1 z3 = z z4 = 0 (B.15)
one finds
F1 = 0 F2 = −z F ′ + (2h1 − δ)F F4 = (z − 1)F ′ + (δ − 2h1)F (B.16)
with δ =
∑
i hi. We are interested in correlators of the type
F (z) = 〈φα1(∞)φα2(1)φα3(z)φα4(0)〉 (B.17)
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with
α3 = − b2 (B.18)
such that φα3 ≡ φ(12) is a degenerated field at the second level15. Using the fact that the
null state O12 is orthogonal to all the other states in the theory, one can write
0 = 〈φα1(∞)φα2(1)O12(z)φα4(0)〉 = L12F =
(
L2−1 + b
2 L−2
)
F (z) (B.19)
where
Ln−1 F = ∂
n
z F
L−2 F =
∑
i∈{1,2,4}
[
hiF
(z3 − zi)2 +
Fi
(z3 − zi)
]
(B.20)
The forms of L−1,−2 follow from (B.3) after using the OPE (B.2). Writing
F (z) = zα4b (1− z)α2bf(z) (B.21)
the differential equation (B.19) reduces to the hypergeometric equation
z(1− z)f ′′(z) + (B − (A1 + A2 + 1)z)f ′(z)− A1A2 f(z) = 0 (B.22)
with
A1 = −b
2
2
+ (α2 + α4 − α1)b, A2 = −1− 3b
2
2
+ (α1 + α2 + α4)b,
B = 2α4b− b2 (B.23)
The two independent solutions of (B.19)16
F (+)(z) = zα4b (1− z)α2b2F1(AB
∣∣z) (B.24)
F (−)(z) = z1+b
2−α4b (1− z)α2b 2F1
(
1−B+A
2−B
∣∣∣z)
correspond to the exchange in the s-channel of the field with dimension specified by the
parameters
α± = α4 ∓ b
2
(B.25)
(these are the only primary fields which result in the fusion of the fields φ1,2(z) and φα4(0)
at z = 0).
15We have chosen here to exploit the expression (B.9) for the parameter α1,2. As we will see later, it is this
choice which corresponds to the case in which only tableaux with one row contribute to the gauge theory,
as discussed in section 2.1.
16The two solutions z−α4b (1− z)−α2bF (±)(z) correspond to Gj(z) in (3.44) with j = 1, 2.
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B.2 The physical correlator
The physical correlation function can be built out of the conformal blocks F (±) and the three
point function C(α1, α2, α3) by the so standard gluing algorithm. For the Liouville theory
the three point function is given by
C(α1, α2, α3) =
(
piµγ(b2)b2−2b
2
)(Q−α1−α2−α3)/b
(B.26)
× Υ
′(0)Υ(2α1)Υ(2α2)Υ(2α3)
Υ(α1 + α2 + α3 −Q)Υ(α1 + α2 − α3)Υ(α1 − α2 + α3)Υ(−α1 + α2 + α3)
We will work in units where piµγ(b2)b2−2b
2
= 1. The four point function involving a degen-
erated φ12-field can then be written as
F (z, z¯) = C+
∣∣F (+)(z)∣∣2 + C− ∣∣F (−)(z)∣∣2 (B.27)
with
C± =
1
2pii
lim
α3→− b2
∮
γ±
dαC(α∗1, α2, α)C(α
∗, α3, α4) (B.28)
and γ± being a contour around α± = α4 ± α3. Explicitly
C+ = C(α
∗
1, α2, α+)
C− =
C+ γ(B)γ(B − 1)
γ(A1) γ(A2) γ(B − A1)γ(B − A2) (B.29)
with Ai, B defined in (B.23). One can check that F (z, z¯) defined by (B.27) is single valued
over the whole complex plane.
B.3 The CFT/gauge theory dictionary
The gauge theory and CFT parameters are related by the dictionary (3.50). For N = 2 this
reduces to
1 =
1
b
2 = b  = Q =
1
b
+ b c = 1 + 6Q2
α1 = (P0 + Q)1 =

2
+ 1
2
(µ¯1 − µ¯2) α2 = κ0
2
= −1
2
(µ¯1 + µ¯2)
α = (P1 + Q)1 =

2
+ a a = a1 = −a2
α4 = (P2 + Q)1 =

2
+ 1
2
(µ1 − µ2) α3 = κ1
2
= − 1
2
(µ1 + µ2) (B.30)
Using this dictionary one can check that
Zinst = NFN−1(AB
∣∣q) = (1− q)−α2bq−α4b F (+)(q) (B.31)
with the left hand side given by the gauge theory result (2.14) and the right hand side by the
Liouville conformal block (B.24). The term (1− q)−α2b = (1− q)2α2 α3 gives the contribution
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of the U(1) part while qα4b = q∆α−∆α3−∆α4 .
Analogously Zinst,j=2 in (2.16) is given by
Zinst,j=2 = NFN−1(AB
∣∣q) = (1− q)−α2bq1−b2+α4b F (−)(q). (B.32)
B.4 The ’t Hooft loop coefficients
The ’t Hooft loop coefficients H±, H0 are defined as [25]17
H0(a) =
4 cos
(
pib2
)
[ cos (2pi bP4) cos (2pi bP3) + cos (2pi bP1) cos (2pi bP2)]
cos (4pi bP )− cos (2pib2)
+
4 cos (2pi bP ) [cos (2pi bP1) cos (2pi bP3) + cos (2pi bP4) cos (2pi bP2)]
cos (4pi bP )− cos (2pi b2)
H±(a) = −
2pi2 Γ
(
1 + 2 b2 ± 2 b P ) Γ (b2 ± 2b P ) Γ (±2 b P ) Γ (1 + b2 ± 2 b P )
Γ (−b2) Γ (1 + b2) sin (pib2) ∏2j,k=1 Γ( 12 + b22 ± b P ± (−1)j b P1 ± (−1)k b P4)
× 1∏2
j,k=1 Γ
(
1
2 +
b2
2 ± b P ± (−1)jb P3 ± (−1)k b P2
) (B.33)
with
Pi = αi − Q
2
P = a− Q
2
(B.34)
Specializing to α3 = − b2 and using the dictionary (B.23) one can check the highly non-trivial
relations
c11 = H0
(
α2 − b
2
)
c˜1 c12 = 2piH−
(
α2 +
b
2
)
c˜2 (1− q)A1+A2−B
c22 = H0
(
α2 +
b
2
)
c˜2 c21 = 2piH+
(
α2 − b
2
)
c˜1 (1− q)B−A1−A2 (B.35)
between the cij functions defined in (3.25) and the H-functions in (B.33).
C Instanton partition function
In this appendix we review the derivation of the formula (2.4) for the instanton partition
function ZYuYv associated to the pair (Yu, Yv) of Young tableaux. We refer the reader to
[9, 10,33] for the original references and details.
In a D(-1)-D3 brane realization of the instanton moduli space, the tableaux Yu and Yv
describe the distributions of D(-1)-instantons around the D3-branes at positions au and av
respectively. The partition function (determinant) ZYuYv can be associated to the character
(trace)
Tuv = −Vu V ∗v (1− T1)(1− T2) +WuV ∗v + VuW ∗v T1 T2 (C.1)
17After the exchange α2 ↔ α4.
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with
Vu =
∑
(i,j)∈Yu
Tau T
i−1
1 T
j−1
2 Wu = Tau = e
iau T1 = e
i1 T2 = e
i2 (C.2)
The monomials in (C.1) coming from the VuV
∗
v terms are associated to D(-1)-D(-1) strings,
those proportional to WuV
∗
v from D3-D(-1) strings etc. Powers of T` trace the U(1)
2 ∈ SO(4)
Lorentz charges of the instanton moduli. Negative contributions subtract the degrees of
freedom associated to the ADHM constraints.
C.1 Evaluation of Tuv
In the following we show that the character Tuv in (C.1) can be written as a sum of |Yu|+|Yv|
terms with no negative contributions. We write
Vu =
ku,1∑
i=1
k˜u,i∑
j=1
TauT
i−1
1 T
j−1
2 =
k˜u,1∑
j=1
ku,j∑
i=1
TauT
i−1
1 T
j−1
2 (C.3)
with (ku1, ku2, . . .) and (k˜u1, k˜u2, . . .) denoting the length of the rows and columns of Yu
respectively. By definition we set kuj = 0 for j > k˜u1. One finds
Vu(1− T2) =
ku,1∑
i=1
TauT
i−1
1 (1− T k˜u,i2 )
V ∗v (1− T1) =
k˜v,1∑
j=1
T−avT
1−j
2 (T
1−kv,j
1 − T1) (C.4)
Plugging this into (C.1) one finds
Tuv = −Vu V ∗v (1− T1)(1− T2) +WuV ∗v + VuW ∗v T1 T2 (C.5)
= Tauv
ku,1∑
i=1
k˜v,1∑
j=1
(T i1 − T i−kv,j1 )(T 1−j2 − T 1−j+k˜u,i2 )
+
kv,1∑
i=1
k˜v,i∑
j=1
T 1−i1 T
1−j
2 +
ku,1∑
i=1
k˜u,i∑
j=1
T i1T
j
2

We notice that the sum over j in the first term of (C.5) can be extended to infinity since
kv,j = 0 for j > k˜v,1. Thinking of Tuv as a polynomial in T2, it is easy to extract the part of
Tuv with positive powers in T2. Writing Tuv =
∑
k∈Z ckT
k
2 , we define T
>0
uv =
∑
k>0 ckT
k
2 its
positive part. One finds
T>0uv =
ku,1∑
i=1
k˜u,i∑
j=1
TauvT
i−kv,j
1 T
1−j+k˜u,i
2 =
∑
sa∈Yu
Tauv T
−hv(s)
1 T
vu(s)+1
2 (C.6)
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with
hv(s) = kv,j − i vu(s) = k˜u,i − j (C.7)
On the other hand
Tuv = T1T2T
∗
vu (C.8)
as follows from the first line in (C.1). Combining (C.8) with (C.6) one finds
Tuv = T
>0
uv + T1T2 (T
>0
vu )
∗ (C.9)
leading to
Tuv = Tauv
(∑
s∈Yu
T
−hv(s)
1 T
vu(s)+1
2 +
∑
s∈Yv
T
hu(s)+1
1 T
−vv(s)
2
)
(C.10)
Finally, writing Tuv =
∑
i e
iλi and collecting the eigenvalues λi one finds for the determinant
ZYuYv =
∏
i λ
−1
i the formula (2.4).
References
[1] J. M. Maldacena, Wilson loops in large N field theories, Phys.Rev.Lett. 80 (1998)
4859–4862, arXiv:hep-th/9803002 [hep-th].
[2] J. Erickson, G. Semenoff, and K. Zarembo, Wilson loops in N=4 supersymmetric
Yang-Mills theory, Nucl.Phys. B582 (2000) 155–175, arXiv:hep-th/0003055
[hep-th].
[3] V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric Wilson
loops, Commun.Math.Phys. 313 (2012) 71–129, arXiv:0712.2824 [hep-th].
[4] A. S. Losev, A. Marshakov, and N. A. Nekrasov, Small instantons, little strings and
free fermions, arXiv:hep-th/0302191.
[5] M. Billo, M. Frau, F. Fucito, and A. Lerda, Instanton calculus in R-R background and
the topological string, JHEP 11 (2006) 012, arXiv:hep-th/0606013.
[6] N. Lambert, D. Orlando, and S. Reffert, Omega-Deformed Seiberg-Witten Effective
Action from the M5-brane, Phys.Lett. B723 (2013) 229–235, arXiv:1304.3488
[hep-th].
[7] S. Hellerman, D. Orlando, and S. Reffert, BPS States in the Duality Web of the
Omega deformation, arXiv:1210.7805 [hep-th].
[8] N. A. Nekrasov, Seiberg-Witten prepotential from instanton counting, Adv. Theor.
Math. Phys. 7 (2004) 831–864, arXiv:hep-th/0206161.
28
[9] R. Flume and R. Poghossian, An algorithm for the microscopic evaluation of the
coefficients of the Seiberg-Witten prepotential, Int. J. Mod. Phys. A18 (2003) 2541,
arXiv:hep-th/0208176.
[10] U. Bruzzo, F. Fucito, J. F. Morales, and A. Tanzini, Multi-instanton calculus and
equivariant cohomology, JHEP 05 (2003) 054, arXiv:hep-th/0211108.
[11] N. A. Nekrasov and S. L. Shatashvili, Supersymmetric vacua and Bethe ansatz,
Nucl.Phys.Proc.Suppl. 192-193 (2009) 91–112, arXiv:0901.4744 [hep-th].
[12] N. A. Nekrasov and S. L. Shatashvili, Quantum integrability and supersymmetric
vacua, Prog.Theor.Phys.Suppl. 177 (2009) 105–119, arXiv:0901.4748 [hep-th].
[13] N. A. Nekrasov and S. L. Shatashvili, Quantization of Integrable Systems and Four
Dimensional Gauge Theories, arXiv:0908.4052 [hep-th].
[14] N. Nekrasov and A. Okounkov, Seiberg-Witten theory and random partitions,
arXiv:hep-th/0306238.
[15] R. Poghossian, Deforming SW curve, JHEP 1104 (2011) 033, arXiv:1006.4822
[hep-th].
[16] F. Fucito, J. Morales, D. R. Pacifici, and R. Poghossian, Gauge theories on
Ω-backgrounds from non commutative Seiberg-Witten curves, JHEP 1105 (2011) 098,
arXiv:1103.4495 [hep-th].
[17] N. Nekrasov and V. Pestun, Seiberg-Witten geometry of four dimensional N=2 quiver
gauge theories, arXiv:1211.2240 [hep-th].
[18] F. Fucito, J. F. Morales, and D. R. Pacifici, Deformed Seiberg-Witten Curves for ADE
Quivers, JHEP 1301 (2013) 091, arXiv:1210.3580 [hep-th].
[19] G. Bonelli, A. Tanzini, and J. Zhao, The Liouville side of the Vortex, JHEP 1109
(2011) 096, arXiv:1107.2787 [hep-th].
[20] G. Bonelli, K. Maruyoshi, and A. Tanzini, Wild Quiver Gauge Theories, JHEP 1202
(2012) 031, arXiv:1112.1691 [hep-th].
[21] L. F. Alday, D. Gaiotto, and Y. Tachikawa, Liouville correlation functions from
four-dimensional gauge theories, Lett. Math. Phys. 91 (2010) 167–197,
arXiv:0906.3219 [hep-th].
[22] A. B. Zamolodchikov and A. B. Zamolodchikov, Structure constants and conformal
bootstrap in Liouville field theory, Nucl.Phys. B477 (1996) 577–605,
arXiv:hep-th/9506136 [hep-th].
29
[23] V. Fateev and A. Litvinov, On differential equation on four-point correlation function
in the Conformal Toda Field Theory, JETP Lett. 81 (2005) 594–598,
arXiv:hep-th/0505120 [hep-th].
[24] V. Fateev and A. Litvinov, Correlation functions in conformal Toda field theory. I.,
JHEP 0711 (2007) 002, arXiv:0709.3806 [hep-th].
[25] L. F. Alday, D. Gaiotto, S. Gukov, Y. Tachikawa, and H. Verlinde, Loop and surface
operators in N=2 gauge theory and Liouville modular geometry, JHEP 1001 (2010)
113, arXiv:0909.0945 [hep-th].
[26] F. Passerini and K. Zarembo, Wilson Loops in N=2 Super-Yang-Mills from Matrix
Model, JHEP 1109 (2011) 102, arXiv:1106.5763 [hep-th].
[27] J. Russo and K. Zarembo, Large N Limit of N=2 SU(N) Gauge Theories from
Localization, JHEP 1210 (2012) 082, arXiv:1207.3806 [hep-th].
[28] A. Buchel, J. G. Russo, and K. Zarembo, Rigorous Test of Non-conformal Holography:
Wilson Loops in N=2* Theory, JHEP 1303 (2013) 062, arXiv:1301.1597 [hep-th].
[29] J. G. Russo and K. Zarembo, Evidence for Large-N Phase Transitions in N=2*
Theory, JHEP 1304 (2013) 065, arXiv:1302.6968 [hep-th].
[30] M. Billo, M. Frau, L. Gallot, A. Lerda, and I. Pesando, Deformed N=2 theories,
generalized recursion relations and S-duality, JHEP 1304 (2013) 039,
arXiv:1302.0686 [hep-th].
[31] J. Gomis, T. Okuda, and V. Pestun, Exact Results for ’t Hooft Loops in Gauge
Theories on S4 , JHEP 1205 (2012) 141, arXiv:1105.2568 [hep-th].
[32] N. Wyllard, A(N-1) conformal Toda field theory correlation functions from conformal
N = 2 SU(N) quiver gauge theories, JHEP 0911 (2009) 002, arXiv:0907.2189
[hep-th].
[33] H. Nakajima and K. Yoshioka, Instanton counting on blowup. 1., Invent.Math. 162
(2005) 313–355, arXiv:math/0306198 [math-ag].
30
